Abstract. Unbounded composition operators in L 2 -space over discrete measure spaces are investigated. Normal, formally normal and quasinormal composition operators acting in L 2 -spaces of this kind are characterized.
Introduction
Composition operator on L 2 -spaces, which has been introduced during the process of formalization of classical mechanics, appear in many areas of mathematics. Theory of these operators turned out to be fruitful and is well-developed now. Many properties of bounded composition operators obtained elegant measure theoretic characterizations (see a monograph [14] and references therein). The motivation for a research on unbounded composition operators is two-fold. Firstly, this class of operators is known to contain examples which have very interesting properties, sometimes quite surprising (cf. [11, 9, 2, 4] ). Secondly, the theory of these operators is relatively young and, although it draw more attention recently (cf. [7, 8, 4, 6, 3] ), there is a plenty of room for development.
In the following note we address the question of normality, formal normality and quasinormality of unbounded composition operators acting in an L 2 -spaces over discrete measure spaces (in further parts of the paper we refer to such spaces as ℓ 2 -spaces). These issues were considered in a general L 2 -space setting in [4] . Naturally, some information is lost then. We fill up this gap to some extent in the present paper. The ℓ 2 -space setting is very convenient when approaching many problems concerning unbounded composition operators in L 2 -spaces because of two reasons. The first is that in this setting the proofs are rather elementary and do not require advanced measure theoretic methods. The second is that the results give an insight into what happens in a general setting (from this point of view the present paper can be seen as an addendum to [4] ).
Prerequisites
In all what follows Z, Z + and C stand for the sets of integers, nonnegative integers and complex numbers, respectively. Given a set X, by E = E X we denote the family {χ {x} : x ∈ X}; as usual, χ ω denotes the characteristic function of the a set ω. If F is a subset of a Hilbert space, then lin F denotes the linear span of F .
Let H be a (complex) Hilbert space and let A be a (linear) operator A acting in H. Then D(A) denotes the domain of A and A * stands for the adjoint A (if it exists). If A is closed and densely defined, then we call A normal if and only if
and Af = A * f for every f ∈ D(A), then A is formally normal. A is said to be quasinormal if A is densely defined and U |A| ⊆ |A|U , where A = U |A| is its polar decomposition.
Let (X, Σ, µ) be a σ-finite measure space and let φ : X → X be a Σ-measurable mapping. Define
Suppose that φ is nonsingular, i.e., the measure µ • φ −1 is absolutely continuous with respect to µ. Then the so-called composition operator
given by the formula
is well-defined linear operator in L 2 (µ) (as usual, L 2 (µ) stands for the Hilbert space of all complex-valued and square-integrable with respect to µ functions on X). The reverse is also true, i.e., if φ : X → X is Σ-measurable mapping such that the map f → f • φ defines a linear operator in L 2 (µ), then φ must be nonsingular. The operator C φ is automatically closed. Properties of C φ are usually written in terms of the canonical Radon-Nikodym derivative h φ associated to C φ and given by
dµ .
In particular, C φ is bounded if and only if h φ is essentially bounded. For more information about bounded and unbounded composition operators the reader is referred to [14, 13] and [4] . In this paper we deal with composition operators acting in L 2 -spaces over a discrete measure spaces. To establish the notation and terminology let us consider a countable set X. By 2 X we denote the power set of X. Let µ be a (positive) σ-finite measure on 2 X (note that σ-finiteness of µ is equivalent to µ(x) < ∞ for all x ∈ X; for brevity, we write µ(x) instead a more formal expression µ({x})). In this context we write ℓ 2 (µ) instead to L 2 (µ) and when mentioning ℓ 2 -space we mean ℓ 2 (µ) for some measure µ on 2 X with countable X. Let φ : X → X. Clearly, φ is 2 X -measurable. Nonsingularity of φ is equivalent to the following condition
Obviously, if µ(x) > 0 for every x ∈ X, then φ is automatically nonsingular. If φ is nonsingular, then we will write [φ] for the set of all mappings ψ : X → X such that {x ∈ X : φ(x) = ψ(x)} ⊆ X \ X + , where X + = {x ∈ X : µ(x) = 0}. Any such a mapping we call a representative of [φ] . As easily seen, every ψ ∈ [φ] is nonsingular and C φ = C ψ . Now, assume that φ is nonsingular. Set h φ (x) = 0 for x ∈ X \ X + . Then we have
In our context it seems natural to avoid using Radon-Nikodym derivative h φ , at least explicitly, and express properties of the composition operator C φ directly in terms of the measure µ, the transformation φ and the transport measure µ • φ −1 . Suppose that φ : X → X is a bijective mapping. For x ∈ X, we define
where φ k denotes k-fold composition of transformation with itself and φ 0 = id X (the identity mapping on X). We call O φ (x) the orbit of φ at x. If no confusion can arise we write O(x) instead of O φ (x). It is easy to see that the orbits O(x) and O(y) either have empty intersection or are equal. Observe also that if
Below we gather some useful information about C φ , C * φ and their products. They can be deduced from [7, 4, 2] . We include elementary proofs for completeness and the reader's convenience. Recall that E = {χ {x} : x ∈ X}.
Lemma 2.1. Let X be a countable set, µ be a σ-finite measure on 2 X and φ : X → X be nonsingular. Then the following conditions hold.
( 
Proof. Suppose that τ : X → X is a mapping such that C τ is well defined and C τ = C φ . Then τ need to satisfy (2.1) and this implies that τ (X + ) ⊆ X + . Values of τ over the set X \ X + do not affect values of C ψ and hence we may modify τ on X \ X + so as to have τ (x) = x for x ∈ X \ X + . Clearly, the modified mapping, denote it by ψ, is a representative of φ and satisfies (1) .
By (2) and (3), C φ is densely defined and hence C * φ is well-defined. Since
Using (2.4) and reasoning as in the proof of (4), i.e.,
we easily get (5).
For the proof of (6) observe that
for every f ∈ D(C * φ ) and x ∈ X + . Let x ∈ X + . By (2) , (3) and (5) we know that χ {x} ∈ D(C φ ) and χ φ −1 ({x}) ∈ D(C * φ ). This and C φ χ {x} = χ φ −1 ({x}) implies that χ {x} ∈ D(C * φ C φ ). Moreover, for every y ∈ X + we have
This, (2) and (3) imply that C *
This gives (2.7).
Remark 2.2. By Lemma 3, the domain of C φ is dense in ℓ 2 (µ) whenever condition (2.4) is satisfied. It is worth mentioning that condition (2.4) doesn't imply density of the domain of C 2 φ . For example there exists a hyponormal composition operator such that D(C 2 φ ) = {0} (cf. [2, 11] ; see also [3] ). Caution: Throughout the rest of the paper we shall assume that X is a countable set, µ is a σ-finite measure on 2 X and φ : X → X is nonsingular.
Normality classes
. Below we show necessary conditions for the equality C φ C * φ | lin E = C * φ C φ | lin E to hold. Later, using this information, we will characterize normal composition operators.
. Proof. Let ψ be the representive of [φ] given by Lemma (1) . Suppose that ψ is not bijective. If ψ is not injective, then there exists x ∈ X + such that the set ψ −1 ({ψ(x)}) contains at least two distinct points x, x ′ ∈ X + . By (2.7), we get
This contradicts (3.1) since, by (2.6), we have (
µ(ψ(x)) = 0, a contradiction with (3.1). This imply that ψ(X) covers the whole of X. Consequently (ii) is valid. Now, by (i), for every x ∈ X we have µ • ψ −1 (x) = µ(ψ −1 (x)). Comparing (2.6) and (2.7) and using (3.1) we get
Reasoning by induction we can prove (ii).
The next result contains another portion of information enlightening the structure of normal composition operators on ℓ 2 -spaces. 
Proof. Let ψ be the representative of [φ] given by Lemma 3.1. We may assume that ψ(x) = x for all x ∈ X \ X + by Lemma .
Suppose that x ∈ X + . Then, by Lemma 3.1 (ii), the sequence {µ(ψ n (x))} ∞ n=0 is a geometric sequence with a common ratio q > 0. If O ψ (x) is finite and O ψ (x) = {x}, then there is n ∈ N such that ψ(ψ n (x)) = x. Hence µ(x) = µ(ψ n (x)) = q n+1 µ(x), which is possible only in the case q = 1. All of this gives (i).
For the proof of (ii) suppose that for all x ∈ X + , the set O ψ (x) is finite. Then by (i),
= 1 for every x ∈ X + . This and (2.2) implies that h ψ = 1 a.e. [µ].
As a consequence C φ = C ψ is bounded, a contradiction. Therefore, O ψ (x) must be infinite for some x ∈ X + . The number of disjoint and infinite orbits is necessarily infinite as well. Indeed, suppose that O ψ (x 1 ), . . . , O ψ (x k ) are all pairwise disjoint and infinite orbits of ψ, with some x 1 , . . . x k ∈ X and k ∈ N. As we already know,
is a geometric sequence with a common ratio q i 0. Again by (i) and (2.2), h ψ 1 + max{q i : i = 1, . . . , k} a.e. [µ] . This leads to a contradiction again. Therefore (ii) holds and the proof is complete. 
, which is bijective and satisfy
Proof. (i)⇒(ii) Evident, since by Lemma 3 we have
(ii)⇒(iii) By Lemma 3 condition (2.4) is satisfied. The rest follows immediately from Lemma 3.1.
(iii)⇒(i) By bijectivity of ψ and (2.5) we have
, then by (3.2) and (2.3) we get
This, the Cauchy-Schwarz inequality and bijectivity of ψ imply that
The reverse inclusion can be proved in a similar fashion. Namely, by (3.3), x∈X+ |f (ψ
< ∞ for every f ∈ D(C * ψ ). Therefore, by (3.2), we have
. Moreover, by comparing left and right hand sides we get that
, we see that C φ is normal. Remark 3.5. Another way of proving implication (ii) ⇒ (i) of Theorem 3.4 is to show that C| E is essentially selfadjoint and use [15, Theorem 5] . However, though less general, our direct approach is more elementary and fits better to the context. Lemma 3.1 enables us to prove that C φ is unitarily equivalent to orthogonal sum of two-sided backward shift operators whenever condition (3.1) is satisfied. Before we state the result formally, let us introduce some notation. If γ = {γ k } ∞ k=−∞ is a sequence of non-negative real numbers, then γ(k) = γ k , k ∈ Z, defines a measure 2 γ on 2 Z . The two-sided backward shift S in ℓ 2 (γ) is the operator given by the formula
, n ∈ N, is a finite sequence of non-negative real numbers, then, in a same fashion, γ(k) = γ k defines a measure γ on 2 {1,...,n} . By the two-sided backward shift on ℓ 2 (γ) we understand the operator given by Proof. If C φ is normal, then by Lemma 3.1 we may assume that transformation φ is bijective and φ(x) = x for all x ∈ X \ X + . Let J be a subset of X + such that
is reducing for C φ for every x ∈ J . These two facts imply that C φ = x∈J C φ | χ O(x) ℓ 2 (µ) . Therefore, it suffices to show that for every x ∈ J , C φ | χ O(x) ℓ 2 (µ) is unitarily equivalent to the shift operator S(x) acting in ℓ 2 (γ(x)). This is evident if O(x) = {x}. Hence, we fix x ∈ J such that O(x) = {x}. If O(x) is finite, then O(x) = {x, φ(x), . . . , φ mx (x)} for some m x ∈ N. We may assume that O(x) = {x, φ(x), . . . , φ k (x)} for any k < m x . Define γ(x) = µ(x), µ({φ(x)}), . . . , µ({φ mx (x)}) . In case O(x) is infinite we have
In both the situations, by Lemma 3.1 and Proposition 3.2, γ(x) is a geometric sequence. As easily seen, the operator U (x) :
This proves the "only if" part of the claim. The "if" part is obvious.
By the above proposition, any normal composition operator can be regarded as a orthogonal sum of shift operators. This leads to a natural question concerning subnormal composition operators in ℓ 2 -spaces. Namely, we can ask whether every subnormal composition operator have normal extension in form of composition operator acting in L 2 -space over a discrete measure space (see the paper [10] which deals with this kind of problem within the class of weighted shifts on directed trees).
Question. Let C φ be a non-normal subnormal composition operator acting in an ℓ 2 -space. Does there exists a composition operator C Φ acting in an ℓ 2 -space, which is a normal extension of C φ ?
As a corollary to Proposition 3.6 we also get information when a transformation of a countable set induces unbounded normal composition operator and which spaces ℓ 2 -spaces admit unbounded normal composition operator.
Corollary 3.7. Let Z be a countably infinite set. Then the following assertions are valid:
(1) Suppose that τ : Z → Z is bijective and poses infinite number of distinct and infinite orbits. Then there is a measure ̺ on 2 Z such that ̺(z) > 0 for every z ∈ Z and C τ is unbounded normal operator in ℓ 2 (̺). (2) Suppose that ̺ is a measure on 2 Z such that {̺(z) : z ∈ Z} can be decomposed into infinite number of geometric sequences with common ratios tending either to +∞ or 0. Then there is a mapping τ : Z → Z such that C τ is unbounded normal operator in ℓ 2 (̺). Now, we turn our attention to formally normal composition operators in ℓ 2 -spaces. As it was proven in [4, Theorem 9.4], within the class of unbounded composition operators in L 2 -spaces there is no difference between normal and formally normal operators. We show below that, in the context of ℓ 2 -spaces, normality of C φ is equivalent to formal normality of C φ | lin E . Proof. If C φ is normal, then E ⊆ D(C φ ) by Lemma 3. Hence, C φ | lin E is formally normal. For the proof of the reverse implication, assume that E ⊆ D(C φ ) and
On the other hand, formal normality of C φ | lin E yields C φ f = C * φ f for every f ∈ lin E. Hence, using polarization formula, we obtain C * φ C φ f, g = C φ C * φ f, g for all f, g ∈ lin E. Since lin E is dense in ℓ 2 (µ) we see that (3.1) is satisfied. Applying Theorem 3.4 completes the proof.
Since symmetric operators are formally normal, by Propositions 3.8 and 3.6 we get the following (this result was recently generalized in [6, Proposition B.1]). 
4) is satisfied and
Proof. (iii)⇒(iv) Evident, since by Lemma 3 we have E ⊆ D(C φ C * φ C φ ). (iv)⇒(ii) Clearly, by Lemma 3, for every x, y ∈ X + we have
By comparing right-hand sides in the display above we obtain (ii).
(ii)⇒(iv) By Lemma 3, we know that
which, together with E ∈ D(C φ ), (2.2) and [4, Display (3.6)], yields χ {x} ∈ D(C 2 φ ). Moreover, by the Cauchy-Schwarz inequality and (3.4), for any f ∈ D(C φ ) we have
This proves that C 2 φ χ {x} ∈ D(C * φ ). Since x ∈ X + can be arbitrary chosen, we obtain that E ∈ D(C * φ C φ C φ ). Now, using (3.5), (3.6) and (3.4) we see that C *
This, (2.3) and (3.4) imply that
Therefore, applying (3.4) again, we get that
By Lemma 3 we know that C * φ (lin E) ⊆ lin E and thus, again by Lemma 3 
Neumann theorem (cf. [1, Theorem 3.3.7]), we see that C φ C * φ C φ is closable. This and implication (ii)⇒(iv) yields the following inclusions
Now, we will prove that C * φ C φ C φ ⊆ C * φ C φ C φ | lin E . Indeed, let f ∈ D(C * φ C φ C φ ). Then, by (3.5) we have
µ(x) f (φ(x)), x ∈ X. Since ε can be arbitrary, this yields C * φ C φ C φ ⊆ C * φ C φ C φ | lin E . As a consequence, by (3.7), we get the inclusion
Hence we get (iii) and the proof is complete. for every x ∈ X + and every n ∈ N. The proof Remark 3.12. It is worth pointing out that for quasinormal C φ its symbol φ must be almost surjective, i.e., µ(X \ φ(X)) = 0 (use (3.4)), which can be easily deduced from Theorem 3.10. This in turn implies, by Lemma 3, existence of surjective representative of [φ] . As a consequence a quasinormal composition operator C φ must be automatically normal whenever a restriction of φ to X + is injective. These results turn out to be valid for hyponormal operators (the class of quasinormal operators is included in that of hyponormal operators), which follows from [4, Proposition 6.2 and Corollary 6.3].
